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a b s t r ac t

When designing a structural strengthening solution, the influence of the previous state of the structure on the capacity of the strengthened 
structure must be evaluated. In addition, strengthening interventions may involve operations such as partial unloading of the structure, 
placement and removal of temporary shores, application of loads or pre-deformations, restoring of damaged reinforcement or spalled con-
crete or constraining of lateral strains. Therefore, changes in the cross-section geometry and reinforcement, longitudinal scheme, support 
conditions, loads and state of stresses and strains, may take place. Furthermore, occurrence of phenomena producing a premature failure 
or a change in the failure mode, should be avoided. In order to account for such a large variety of causes and phenomena affecting the 
structural response, a nonlinear and time-dependent analysis model of 3D reinforced and prestressed concrete frames, capable of capturing 
different failure modes and taking into account the structural history, is described. The model has been verified with tests on strengthened 
structures available in the literature and has been applied to an actually remodeled structure, comparing the advantages and disadvantages 
of two different strengthening proposals, showing its capabilities to assess the efficiency of structural strengthening systems..
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r e s u m e n

Al diseñar una solución de refuerzo estructural, se debe evaluar la influencia del estado tenso-deformacional previo de la estructura 
en la capacidad portante de la misma después del refuerzo. Además, las intervenciones de refuerzo pueden involucrar operaciones 
tales como la descarga parcial de la estructura, colocación y retirada de puntales provisionales, aplicación de cargas o pre-deforma-
ciones, restauración de armaduras dañadas o hormigón desconchado o constreñimiento de deformaciones laterales. Por tanto, pueden 
producirse cambios en la geometría de la sección transversal y en la armadura, en el esquema longitudinal, en las condiciones de 
apoyo, en las cargas y en el estado tensodeformacional. Además, debe evitarse la aparición de fenómenos que produzcan el fallo 
prematuro o un cambio en el modo de rotura. Para tener en cuenta la gran variedad de causas y fenómenos que afectan la respuesta 
estructural, en este artículo se describe un modelo de análisis no lineal evolutivo en el tiempo de pórticos tridimensionales de hormi-
gón armado y pretensado, capaz de captar diferentes modos de rotura y teniendo en cuenta la historia de la estructura. El modelo ha 
sido verificado reproduciendo ensayos sobre estructuras reforzadas disponibles en la literatura y ha sido aplicado a una estructura real 
remodelada, comparando las ventajas y desventajas de dos propuestas de refuerzo diferentes, mostrando su capacidad para evaluar la 
eficiencia de los sistemas de refuerzo estructural.

paLabraS cLave: Refuerzo, remodelación, análisis no-lineal, evaluación, hormigón armado, hormigón pretensado.
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1.
introduction

 
Strengthening of structures may be necessary, among other rea-
sons to: 1) restore the load carrying capacity and functionality of 
structures deteriorated or damaged by environmental or mechan-
ical actions; 2) resist increments of loads due to changes in the 
use of the structure or in the nominal loads established by the 
design codes; 3) seismic retrofit or adaption of the structure to 
resist extraordinary actions; 4) allow the remodelling or enlarge-
ment of structures; and 5) modify the dynamic response, avoid 
inadmissible vibrations or resonance [1–5].

Faced with one of these situations, there is a number of ac-
tions to be carried out. These actions are: 1) identify the problem 
and characterize the state of the structure; 2) define the objectives 
of the intervention; 3) propose alternative solutions; 4) evaluate 
the resistant capacity of the original structure; and 5) evaluate 
the capacity of the strengthened structure in order to assess the 
efficiency of the intervention. 

Among the many types of interventions, those that can be 
considered the most common are [6–9]:
- Enlargement of cross section with concrete or special mor-

tars and reinforcements, properly connected to the original 
section.

- Placement of steel plates or fiber-reinforced polymers (FRP) 
laminates bonded with epoxy resin or mechanically an-
chored to the element.

- External prestressing, introducing a desired load system to 
balance exterior loads, compress the concrete or connect an 
enlargement to the original element.

- Passive or active confinement, placing steel shapes or plates, 
enlarging the section with reinforced concrete or wrapping 
with FRP or with prestressing wires or strands.

- Provision of additional support structures to reduce spans or 
the load supported by each element. 

These strengthening interventions use to require carrying out ac-
tions such as: total or partial unloading of the structure, placement 
of temporary shores, application of loads or pre-deformations, 
cleaning of the deteriorated zones, injection of cracks, bond sur-
face preparation, restoring of reinforcement or spalled concrete, 
among others. Such actions may considerably affect the structural 
response during and after strengthening. In fact, changes in the 
cross-section, in the longitudinal scheme, in the support system, 
in the amounts of reinforcement, in the state of loads, stresses and 
deformations, may take place.

In addition, the design of a strengthening solution must 
comply with a series of basic principles, in order to achieve the 
planned objectives [10–11]. The following aspects affecting the 
adequacy and efficiency of the strengthening must be considered, 
among other issues:
- Occurrence of phenomena that may prevent arriving to the 

target ultimate load or producing a premature failure should 
be avoided. Examples are the debonding of an externally 
bonded steel plate or FRP sheet, changes in the failure mode 
(from ductile to brittle or from flexure to shear) or failure of 
elements different from that being strengthened. 

- The effects of the construction process and load history of 
the original structure on its stiffness, state of stresses and 
strains and resistance should be assessed. 

- The effects of previous damage of the original structures on 
the capacity of the strengthened structure should be investi-
gated. For instance, how previous cracking or reinforcement 
corrosion may affect the flexural strength of a strengthened 
column.

- The influence of the strengthening operation procedure 
adopted, and of the existing loads acting on the original 
structure during the strengthening operations, should be 
taken into account. In fact, as a matter of example, unload-
ing the structure allows the strengthening system to be 
more efficient, since then, it is effective even for the perma-
nent loads.

From the above considerations, it can be concluded that a sound 
assessment of the structural efficiency of the strengthening sys-
tem is not straightforward, since some aspects related to the load 
history, previous damage and failure modes must be adequately 
taken into account. For this purpose, load tests, theoretical con-
siderations and structural analyses are considered adequate tools. 
However, due to the complex phenomena involved and the cost 
of experimental analyses, structural analyses based on numerical 
models have become a very powerful tool when assessing the per-
formance of existing structures, either affected by previous dam-
age, by remodeling or by strengthening interventions. 

Among the large variety of numerical structural models cur-
rently available for frame structures, very few of them [12] take 
into account the effects of load history, construction procedure 
or previous damage in the original structure on the performance 
and strength of the strengthened structure. In order to account 
for such capabilities, step-by-step or phased analysis is required. 
Furthermore, most of the models capable to capture the com-
plexity of the phenomena involved are based on 2D or 3D Finite 
Elements simulations, which are very costly and time consuming, 
so their use can be justified when analysing local effects rather 
than the global structural performance.

In this paper, a numerical model for the global nonlinear step-
by-step analysis of three dimensional reinforced and prestressed 
concrete frames, capable to account for most events that may 
occur and affect the structure response along its service life, is de-
scribed. The model was initially developed to capture the flexural 
behaviour of simultaneously constructed 3D frames [13] and it 
was subsequently completed to account for segmental construc-
tion [14], for deterioration, strengthening and remodelling [15]. 
More recently a relevant improvement was done by including the 
effect of combined shear and normal stresses in the structural re-
sponse and strength [16], providing the model with the capacity 
to predict the shear-flexure interaction, shear failures and the ef-
fects of shear strengthening [17–20] with different strengthening 
techniques. 

2.
description of the analytical model

2.1. Flexural model
2.1.1. Structure idealization and nonlinear time-dependent 
strategy
A filament beam element (figure 1) with arbitrary cross-section 
and 13 degrees of freedom is used by the model. The cross-section 
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is divided into filaments of concrete, reinforcing steel or structural 
steel. Each filament is subjected to a uniaxial stress state, so shear 
strains are neglected, and the hypothesis of plane sections defor-
mation is adopted. The model can take into account the material 
and geometrical non-linearities as well as the time effects due to 
creep, shrinkage and relaxation of prestressing steel. 

Non-linear constitutive equations for the concrete (figure 
2), reinforcing (figure 3) and prestressing steel (figure 4) are 
used to account for the non-linear response under increasing 
loading levels, including load reversals. 

When using fibre reinforced polymers as strengthening 
materials, a linear-brittle stress-strain relationship is adopted 
(figure 5).

The total strain at a given time and point in the structure 
ε(t), is taken as the direct sum of mechanical strain εm(t) and 
non-mechanical strain εnm(t). Mechanical strain is the instanta-
neous strain caused by short-time loading and is the independ-
ent variable in the stress-strain relationship. Non-mechanical 
strain consists of creep strain εcr(t), shrinkage strain εsh(t), aging 
strain εa(t), and thermal strain εT(t). 

Creep strain εcr(t) of concrete is evaluated by an age de-
pendent integral formulation based on the principle of super-
position. Thus,

𝜀𝑐𝑟(t) =   
𝑡

0 
𝑐(𝜏, 𝑡−𝜏)             𝑑𝜏𝜕𝜎(𝜏)

𝜕𝜏∫  (1)

Figure 1. Filamented beam element: Section idealization and degrees of freedom.

Figure 2. Concrete  σ - ε  relationship.

Figure 4. Prestressing steel σ - ε  relationship.

Figure 3. Reinforcing steel σ - ε  relationship.

Figure 5. FRP  σ - ε  relationship.
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where c(t, t-τ) is the specific creep function, dependent on the 
age at loading τ, and σ(τ) is the stress applied at instant τ. Nu-
merical creep analysis may be performed by subdividing the 
total time interval of interest into time intervals Δt, separated 
by time steps. The integral (1) can then be approximated by 
a finite sum involving incremental stress change over the time 
steps. The adopted form for the specific creep function c(t, t-τ) 
is a Dirichlet series:

𝑐(𝜏, 𝑡−𝜏) =   
m

1 
ai(𝜏)[1– e-λ(𝑡−𝜏)]𝑑𝜏∑  (2)

where m, λi, and ai(t) are coefficients to be determined through 
adjustment of experimental or empirical creep formulae, as 
recommended by international codes, by least squares fit. In 
this work, it is considered that sufficient accuracy is obtained 
using three terms of the series (m = 3), and adopting λi = 10-i. 
The use of a Dirichlet series allows obtaining the creep strain 
increment at a given instant by a recurrent expression that 
only requires to store the stress and an internal variable of the 
last time step, thus avoiding the need to store the entire stress 
history when analysing large structures.

Shrinkage strain at any time can be obtained from code 
provisions or from specific tests. A detailed explanation of 
ageing and temperature strains can be found in Marí [13]. A 
logarithmic curve is used as pre-stress relaxation function, as-
suming a constant strain. However, a fictitious initial stress, is 
used to account for the reduction of stress in the tendons due 
to other actions (creep, shrinkage or external loads).

In this study, for the time dependent analysis, the time do-
main is divided into a discrete number of time intervals, and 
the junctions of these intervals are called time steps. A step for-
ward integration is performed by adding the results obtained 
for each time step successively, starting from the first-time step 
to arrive to the final solution. At any time step the increment 
of total strain at any point, resulting from the structural anal-
ysis, is accumulated over the previous one. Then, the mechan-
ical strains are obtained by subtracting from the total strains 
the accumulated non-mechanical strains. Then, the stresses 
are computed from the non-linear constitutive equations, as a 
function of the accumulated mechanical strains.

Iterative procedures combined with incremental analy-
ses are used to trace the structural response throughout the 
elastic, cracked and ultimate load levels. Load control and 
displacement control strategies (for structures that exhibit 
strain softening or snap-through) are used together with New-
ton-Raphson algorithms, in which the stiffness matrix and the 
amount of unbalanced forces introduced at each iteration are 
in accordance with the level of cracking and damage of the 
structure. At each time step, the structure is analyzed under 
the external applied loads and under the imposed deforma-
tions, such as creep, shrinkage and thermal strains, originated 
during the previous time interval and geometry.

∆R=∆R i+∆Rnm+∆Ru=Kδ (3)

where the total load vector ∆R is composed by the vectors due 
to the internal stresses (∆R i), non-mechanical strains, (∆Rnm) 
and unbalanced forces due to non-linearities (∆Ru) of the pre-
vious iteration, K is the updated stiffness matrix according to 
the materials state and δ is the vector of nodal displacements. 

Nodal displacements, element internal forces, stresses and 
strains in each concrete and steel filament, curvature and elon-
gation of each section, support reactions and other response 
parameters are provided by the model, after convergence is 
reached. 

Pre-tensioned and post-tensioned structures with straight 
or parabolic tendons can be analysed. When stressing, the 
equivalent prestressing forces obtained by equilibrium of the 
tendons are applied over the structure. Variations of stresses 
and tendons force are obtained for each load step by consider-
ing strain compatibility between the concrete and the pretress-
ing segments and subtracting the relaxation of stresses along 
the elapsed time. The prestressing loads are, then, updated and 
the new system of non-linear equations is set.

Most modifications that may take place during the con-
struction process and along the service life, such as deteriora-
tion of materials areas and properties, changes in the longitu-
dinal and cross sections geometry, structural scheme, material 
properties and applied loads, can be simulated by the model, 
through a step-by-step solution scheme, as explained next. 
The described numerical model has been implemented in a 
computer program called CONS.

2.1.2. Simulation of the structural effects of reinforcement 
corrosion
The above-described model was modified to reproduce the 
effects of corrosion due to carbonation, that produces a loss 
of steel area, more or less uniformly distributed around the 
reinforcing bars. A law defining the reduction of steel area 
was adopted, which depends on the rate of corrosion, given in 
μmm/year of reduction of the bar diameter. The evolution of 
the bar diameter is considered proportional to the corrosion 
velocity [21].

The loss of steel area results in a reduction in capacity and 
in stiffness of any cross section affected by corrosion. Thus, 
when performing the computation of internal forces, by inte-
gration of the stresses, the external forces will not be balanced 
by the internal ones. Then, these unbalanced forces are auto-
matically introduced in the non-linear iterative scheme, until 
equilibrium is obtained. As a consequence of corrosion, incre-
ments of stresses and strains in concrete and steel, increments 
of deflections (due to the loss of stiffness) and redistribution of 
internal forces takes place to satisfy equilibrium and compati-
bility conditions for the current state of the materials.

2.1.3. Simulation of the structural effects of strengthening
The element cross-section can be formed by parts constructed 
in different instants and composed by different materials. For 
each concrete, reinforcing steel or element, the instant of place-
ment and the instant of removal are defined. Furthermore, at 
each construction step, changes in the element’s connectivity, 
in the support conditions, introduction of prestressing force or 
imposed deformations, and application of loads and imposed 
displacements are defined.

In this way, adding or removal of concrete parts, reinforc-
ing bars, prestressing tendons or elements can be simulated. 
Consequently, the following situations related to remodelling 
and strengthening of structures are taken into account: spalling 
of concrete cover, substitution of damaged concrete parts or 
reinforcing bars, enlargement of concrete cross section, place-
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ment of new reinforcement bars, steel plates or bonded FRP 
laminates, placement or removal of temporary shores, im-
posed movements, blocking of pins, monolithically connection 
between elements and application of external prestressing, 
among others.

With this scheme, the response of structures before and 
after the strengthening can be obtained, including the effects 
of previous damage and those of the repair, retrofit or strength-
ening operations. 

2.1.4. Adopted debonding model
According to current state-of-the-art, debonding is the most 
common failure in existing structures strengthened in flexure 
by FRP externally applied reinforcement. As described in Fib 
Bulletin 90 [9], debonding failure can initiate either at inter-
mediate cracks due to shear stresses, or at the laminate end 
(figure 8).

The debonding failure approach implemented in the pres-
ent model is that proposed by Oller et al. [22], that prevents 
laminate debonding at intermediate cracks and at the laminate 
end. To avoid debonding at intermediate cracks, the laminate 
tensile force increment between two cracks is limited to the 
maximum increase in tensile stress that can be transferred 
by means of bond stresses along the crack spacing (ΔPmax,scr). 
In the literature, there are other similar approaches based on 
the envelope of tensile stresses that depend also on the crack 
spacing [9,23–29]. In addition, Matthys [30] developed an ap-
proach that limits the interfacial shear stress resulting from the 
change of tensile force along the FRP reinforcement that does 
not depend on the crack spacing. D’Antino and Triantafillou 
[31] assessed the performance of some of the existing debond-
ing models, concluding that the model of Said and Wu [28] 
showed the best performance. A similar analysis was previous-
ly developed by Oller et al. [32]. According to this analysis, the 
simplified model of Oller et al. [32] and the models of Ye et 
al. [24] and Said and Wu [28] showed the best statistical per-
formance in terms of mean value and coefficient of variation. 
According to Oller et al. [22], the maximum transferred force 
along the crack spacing ΔPmax,scr, can be expressed as:

∆Pmax,scr
 =                    Pmax,Lb

(1– )

1–  cos( )πLb

2Llim

 (4)

where υ = ratio between the lower and the higher laminate 
tensile stresses in both cracks, named, σf,I and σf,J respective-
ly; Lb = remaining bonded length calculated as the minimum 
value between the estimated crack spacing, scr, and the limit, 
scr,lim, between a short (scr  ≤ scr,lim) and a long crack spacing 
(scr  ≥ scr,lim), given by Eq. (5); Llim = limit between a short and 
a long bonded length in an equivalent pure shear specimen 
given by Eq. (6); Pmax, L=Lb = maximum transferred force of an 
equivalent pure shear specimen whose length is Lb, given by 
Eq. (7).

scr,lim = 0.637L𝑙𝑖𝑚 arccos υ (5)

π 2GF E f t f

2 τbM
L𝑙𝑖𝑚 = (6)

Pmax,Lb = P0 (7)1

π
2

Lb

Llim

Lb ≤ Llim

Lb >  Llim

sin

P0 = bL (8)2GF E f t f

where: bf, tf = laminate width and thickness respectively; Ef = 
laminate modulus of elasticity; τbM = maximum shear stress 
given by Eq. (9); GF = fracture energy or energy by unit area 
necessary to separate the laminate from the support given by 
Eq. (10).

τ bM = Cτ bM
 (9)1 1+

fctm fcm

τ bM = Cτ bM
CF fctm (10)

where fcm = mean value of concrete compressive strength; fctm = 
mean value of concrete tensile strength; CτbM = constant with a 
mean value of 0.87 and a standard deviation of 0.17 accord-
ing to the shear test database assembled by the authors; CF = 
constant with a mean value of 0.35 and a standard deviation 
of 0.07.

To avoid laminate end debonding, the laminate tensile 
force increment between the laminate end and the nearest 
crack, should be limited to a maximum value given by ∆Pmax,Lb

 
that can be obtained by Eq. (7) for an element between the 

 a) b.1) b.2)

Figure 8. a) Intermediate crack debonding; b.1) laminate end debonding at the interface; b.2) laminate end debonding with concrete ripping-off.
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laminate end and the nearest crack (Lb,end), by assuming Lb = 
Lb,end and υ =0 (σf,I = 0).

This criterion can be easily implemented in the present 
non-linear structural analysis model, since the layered ideali-
zation of the cross-section allows determining the shear stress 
at any concrete, steel or FRP reinforcements, by setting the 
equilibrium of normal forces at the laminate in the two Gauss 
integration points of each element.

In order to evaluate the shear force transmitted by the lam-
inate between two adjacent cracks, the above calculated force 
is multiplied by the ratio scr/dg, being scr the crack spacing and 
dg the distance between Gauss points. This criterion of pro-
portionality requires the element length to be equal or greater 
than the crack spacing, what is generally acceptable.

When the force between cracks causes debonding failure, 
according to the above criterion, the laminate is automatically 
removed from the corresponding element in the model. If the 
structure is capable to reach equilibrium, by means of non-lin-
ear redistributions at the section and at global levels, the analy-
sis continues; otherwise, the structure failure takes place.

2.2. Shear model

The previously described flexural model was extended to ac-
count for the effects of in-plane shear in Ferreira et al. [33,34], 
and the resulting model is here referred as CONSHEAR. The 
new model inherits the sequential construction capabilities; 
hence, it can be applied to problems involving sequential con-
struction, deterioration and repair in shear sensible concrete 
structures, see [16,17,35]. In the following, the extensions to 
include shear effects in CONS model, are described.

2.2.1. Accounting for shear stresses in frame models
Shear loading always is in combination with bending moments; 
therefore, each material point is subjected, at least, to biaxial 
loading. Uniaxial stress-state is the main limitation of traditional 
frame formulations to effectively consider shear effects in the 
non-linear behaviour. Some successful formulations have been 
developed based on different hypotheses to allow some kind 
of multiaxial stress-strain distribution in the cross-section, e.g. 
Bairan and Marí [36,37], Ceresa et al. [38], Navarro-Gregori 
et al. [39], Mohr et al. [40], Le Corvec [41], di Re [42], Kager-
manov and Ceresa [43], Poliotti and Bairan [44], among others.

Bairan and Marí [45] developed a detailed state-of-the-art 
review; identifying three main types of approaches: fixed-strain 
pattern, fixed-stress pattern and explicit inter-fibre equilibrium. 
The fixed-strain pattern mimics the process used in the tradi-
tional frame models by adding a pre-selected shear strain dis-
tribution to the plain-section hypothesis. This method allows 

a direct implementation in the classical frame formulations, 
as the input of the sectional analysis is the normal and shear 
strains and the output is the corresponding stresses and their 
integration, see figure 9a. However, as demonstrated in [40], it 
fails to capture the subsequent variations in the post-cracking 
and post-yielding phases, showing excessive concentration of 
shear stresses in the compression head of the beam and not 
adequate valuing the effects of transverse reinforcement. 

In CONSHEAR, a fixed-stress pattern was developed. This 
approach allows a better prediction of the shear strain distri-
bution after cracking and yielding. Figure 9b shows that the 
cross-section model is not standard: its input is the combination 
of normal strains and shear stresses, and the output is the normal 
stress, shear strain and the transversal strain that activates the 
transverse reinforcement after cracking, see figure 10. The biax-
ial stress-strain components result from an internal equilibrium 
of each concrete layer and the stirrups describes as follows.

As described in figure 11, the user classifies the fibres of a 
cross-section into normal-stress fibres (figure 11a), where the 
material behaviour is considered as uniaxial, and shear-resist-
ing fibres (figure 11b), with biaxial loading.  

During a particular time step, the increment of shear force 
is distributed on the shear-resisting fibres. Eq. (11) shows 
the increment of shear stress, where 𝐴∗ is area of the active 
shear-resisting fibres.

Δτ xy =  (11)ΔV
A*

As shown in recent studies [46,47], flanges in compression 
may contribute significantly to the ultimate shear capacity. 
Therefore, the shear effective area may include some fibres of 
the flange. Notice, however, that both fraction of shear resisted 
by the flange fibres varies, in general, with the cracking stage. 
An analysis of these effects can be found in [48], which may 
also serve as basis for the selection of flange area.

Normal strains of all types of fibres are distributed after 
the plane-section hypotheses, see Eq. (12). The response of the 
normal fibres is completed defined by the acting strain and the 
uniaxial constitutive model of the material. However, in the 
case of shear-resisting fibres, the transversal response needs to 
be computed.
ε x (z)=Δε+Δϕy z (12)

The transversal strain is computed by balance of forces in 
the transversal direction, involving the tension of transverse 
reinforcement and the compression the layer of fibres, figure 
11b. This represents the internal condition of Eq. (13), which 
should be satisfied in every layer, where 𝜌𝑠𝑡 is the transversal 
steel ratio (𝜌𝑠𝑡=𝐴𝑠𝑡𝑏𝑙𝑎𝑦𝑒𝑟 𝑠𝑡).

Figure 9. Two types of fixed patterns for shear analysis in frames.  a) fixed-strain, b) fixed-stress.
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Δσx +ρst zΔσz   = 0 (13)

After inclined cracking, solution of Eq. (13) requires a suitable 
biaxial constitutive model for the concrete. For more details on 
the constitutive model implementation are in found in [36]. 

3.
experimental verification of the model

3.1. Continuous RC beam strengthened in flexure with FRP

El-Refaie et al. [49] tested five reinforced concrete continuous 
beams of two equal spans, strengthened in flexure with exter-
nally bonded carbon fibre reinforced polymer (CFRP) lami-

nates, in order to study the influence of the position and form 
of the external reinforcement. The performance of the CFRP 
strengthened beams was compared with that of an unstrength-
ened control beam. Debonding failure was the dominant mode 
of failure for all the strengthened tested beams. Beams E1 (un-
strengthened), E2, E3 and E4 are analysed and compared with 
the experimental results.

The beam geometry, the internal reinforcement, the load-
ing and support arrangement are illustrated in figure 12. Each 
beam was 8500 mm long, 150 mm wide and 250 mm deep. 
The longitudinal reinforcement consists of four 16 mm diame-
ter bars. The concrete cover was 32 mm, so the effective depth 
was 218 mm. Closed stirrups of 6 mm diameter spaced at 100 
mm along each beam were provided to prevent shear failure. 

CFRP laminates of 100 mm x 1.2 mm were bonded in the 
top face of beams E2 and E4, and on the bottom face of beams 

Figure 10. Hybrid sectional analysis implemented in CONSHEAR.

Figure 11. Types of fibres in the CONSHEAR sectional analysis. a) Normal stresses fibres, b) Shear-resisting fibres.

Figure 12. Geometry and test set-up of Beams E1, E2, E3 and E4.
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E3 and E4. The laminates applied to the top face of the beams 
were 2500 mm long and were placed symmetrically about the 
line of the central support. Those applied to the bottom face of 
the beam were 3500 mm long and were positioned symmetri-
cally about the centres of both spans.

The material properties of the tested beams are those re-
ported in [49]. For the performed analysis, the compressive 
cube strength and the rupture tensile strength experimentally 
obtained have been transformed into the cylinder compressive 
strength and the direct tensile strength, respectively, as sum-
marized in table 1. The values proposed by Eurocode 2 [50] 
for other parameters of the concrete stress-strain relationship, 
such as the initial modulus of elasticity Ec, the peak and ulti-
mate strains, have been adopted. The maximum shear stress 
τLM and the fracture energy GF have been calculated according 
to the mean values of CτLM  = 0.87 and CF = 0.35. The crack 
spacing has been calculated according to the Spanish Concrete 
Code [51] and has resulted to be scr = 85 mm. The properties 
for the longitudinal reinforcement steel are: yielding strength 
fsy = 520 N/mm2; ultimate strength fsu = 630 N/mm2; and mod-
ulus of elasticity Es= 200000 N/mm2. The nominal ultimate 
strength of the CFRP laminates is ffu = 2500 N/mm2 and their 
modulus of elasticity is Ef = 150000 N/mm2.

A total of 25 beam elements of equal length (226 mm) 
was used in the analysis. The cross section was divided into 50 
layers each of 5 mm depth.

TABLE 1.
Concrete properties used in the analysis. Units are N and mm.

 
Beam E1 E2 E3 E4

 
Compression cube strength fcu  24.0   43.6 47.8 46.1
Compression cylinder strength estimated 21.6 39.2 43.0 41.5
Modulus of rupture fr  3.00 4.60 4.40 4.40
Direct tensile strength fct estimated 2.22 3.41 3.25 3.25
Max. shear stress for peeling failure τLM  --  2.77 2.88 2.89
Fracture Energy GF (N mm/mm2) --  1.19 1.14 1.14

Figure 13 shows the experimental and the theoretical 
load-displacement relationships for the four beams ana-
lysed. Excellent agreement is obtained in the ultimate ca-
pacity, the displacements, and the shape of all the compared 
curves. The only remarkable difference is in the ultimate 
displacement of beam E2, for which the theoretical mod-
el predicts FRP debonding failure for a displacement of 31 
mm in spite of 39 mm measured experimentally. In all cases, 

Figure 13. Experimental vs numerical applied load vs midspan displacement.

Figure 14. Experimental vs. numerical bond stress distribution for beams: a) E3 and b) E4.
a) b)

66 – Marí Bernat, A., Bairán García, J.M., Oller Ibars, E, (2021) Hormigón y Acero 72(294/295); 59-75



the model correctly predicted the ultimate load as well as 
the type of failure.

Figure 14a and 14b show the bond stress distribution (τd) 
and the calculated bond strength (τult) along the beam length 
for beams E3 and E4, respectively. A premature debonding fail-
ure occurs once the bond stress (τd) reaches the bond strength 
(τult) at a certain point of the interface. It can be observed that 
debonding failure takes place at beam E3 at the soffit laminate 
under the applied point load, for a bond stress of 2.77 N/mm2 
and at beam E4 over the central support, for a bond stress of 
2.78 N/mm2.

From the comparison between the experimental and the 
theoretically obtained results, it can be concluded that the 
model is capable to capture the structural response not only in 
the load-deflection curves but also in the internal forces, reac-
tions, stresses, strains, ultimate load and failure mode, includ-
ing debonding failures. More details about this modelization 
can be found in [52].

3.2. Shear strengthened reinforced concrete beam 

The shear tests carried out by Souza and Appleton [53] are 
simulated in the following. This analysis investigates the spec-
imen that was loaded to produce shear damage and further 
repaired with additional transversal reinforcement and shot-
crete enlargement. In the original publication, this sequence 
is referred as test WBP1, for the first loading producing shear 
damage, without collapse, and WBP1R for the second test on 
the repaired structure.

Figure 15 describes the geometry and reinforcement of the 
original and repaired specimens. The mechanical properties 
of the concrete and the time of test are defined in table 2. 
Similarly, table 3 describes the mechanical properties of the 
reinforcement.

The first load on the original specimen (WBP1) was P=54 
kN. The specimen was then unloaded and repaired.  Subse-
quently, the element was tested until failure (WBP1R), with a 
load P=182 kN. Figure 16a shows the crack pattern of the first 
and failure tests.

 
TABLE 2.
Concrete mechanical properties.

 
Properties at 28 days

 
Specimen WPB1R fc (MPa)  fct (MPa) Ec (GPa) Day of test

Damaged 32 3.3 29 102
Strengthened    226
Shotcrete 36 4.5 23 103 (repairing)

TABLE 3.
Reinforcement mechanical properties

 
Diameter (mm) fy (MPa) fsu (MPa) Es (GPa)

 
4.5 490 532 193
6 488 706 180
12 401 636 196
16 448 674 201

 

Figure 15. Test set-up, geometry and reinforcement of the beam before and after strengthening (adapted from [53]).

Figure 16. Crack pattern under first damage (WPB1) and repaired structure at failure (WPB1R). a) Experimental observation, b) Model prediction.
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Figure 17. Modelled cross-section layers, showing the fibres of the 
original specimen and the shotcrete enlargement (based on [17]).

The structure was modelled using CONSHEAR with 30 
Timoshenko elements with linear interpolation. Figure 17 
shows the cross-section discretization, where the fibres of the 
original concrete and the shotcrete enlargement can be ob-
served. In this analysis, the shear resisting fibres consists of the 
fibres of the original web and the concrete enlargement. The 
longitudinal reinforcement are presented in the corresponding 
location. The transverse reinforcement was modelled through 
steel ratios of 0.2% in the original element and an additional 
ratio of 0.246% after repairing.

Figure 16b shows the predicted crack patterns for first 
loading (PB1) and in the repaired case (WPB1R) at failure. As 
observed, the overall damage pattern and crack inclinations are 
well captured.

Figure 18 shows the comparison of the experimental tests 
with the numerical prediction using the model CONSHEAR 
and the response of the original CONS model that does not 
include shear interaction effect. Figure 18 compares the load 
deflection in the two stages. Both in the first loading and the 
loading up-to-failure of the repaired structure, the model 
without shear effects predicts significantly larger stiffness than 
the observed in the test. Conversely, the model CONSHEAR 
correctly captures the element stiffness. Moreover, CONS pre-
dicts a ductile response (figure 19b), while the CONSHEAR 
can capture the early shear failure.

Figures 18c to 18f show the local reinforcement strains in 
the section located at 0.36 m from the support. The strains in 
the longitudinal reinforcement are described in Figs. 18c and 
18d. The shear-bending interaction produces additional strains 
(and stresses) than the produced solely by the bending mo-
ment. The model CONS does not capture this effect, while 
CONSHEAR correctly capture the trends of the force-strain 
evolution, particularly after cracking. 

Figure 18. Comparison experimental and modelled response of the first damage test (WPB1) and the repaired structure up to failure (WPB1R). a, 
b) Force-displacement, c,d) strain in longitudinal (based on [17]) 
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Figures 18d and 18e show the strain in the transversal rein-
forcement with the applied load for the initial load test and the 
repaired structure, respectively. The reported strains are located 
in the cross-section at 0.36 m from the support and 5.5 cm above 
the stirrup bottom-line. The numerical model correctly captures 
the initiation shear cracking and the activation of the transverse 
reinforcement. However, the model tends to over-predict the 
transversal strains. This difference can be explained due the use 
of the smeared crack approach in the constitutive model, as op-
pose to discrete cracking. Actual strains in the specimens shows 
abrupt variations, being larger in the points of the bar that coin-
cide with the crack and smaller in between cracks. Conversely, 
in the smeared crack model, the strains distribution is smoother.  

4.
case study: remodelling of a post-tensioned 
concrete bridge crossing the ap-7 freeway in 
spain

4.1. Definition of the problem and description of the analysed 
structure.

Due to the need of increasing the number of lanes of free-
way AP-7 near Barcelona (Spain), the intermediate piers of 
several overcrossing bridges had to be moved 2m towards the 
abutments (Figure 19). In this paper, the developed analytical 
model has been used to simulate the strengthening operations 
carried out over one of the bridges affected by this remodelling, 
called OF29-3, in order to assess the serviceability and safety 
of the bridge during and after the intervention. In addition, the 
model has been used to analyse an alternative solution, based 
on external prestressing, proposed during the bidding process, 
to compare the efficiency of both solutions in terms of service-

ability performance and safety. The design of the strengthening 
solution was carried out by Martinez Calzón [4]. 

The overcrossing consists of a 5 spans continuous post-ten-
sioned concrete slab deck with constant depth, circular voids, 
and cap beams over the supports, see figure 20. The original 
span lengths were 11.5m + 3 × 17.05m + 11.5m (see figures 
19 to 21). After the shifting of the internal piers P2 and P4, 
the span lengths became 11.5m + 15.05m + 21.05m + 21.05m 
+ 9.5m. Concrete compressive characteristic strength was 35 
MPa. The bridge was post-tensioned with 10 tendons of steel 
strength fpu=1700 MPa, providing a prestressing force of 582 
kN per tendon (Api=456 mm2). The tendon layout is the typ-
ical one of a continuous beam. 

4.2. Description of the remodelling solution adopted

After building the two new piers, the bridge deck had to be 
uplifted from the old piers and supported on the new ones. 
The solution to be designed had to provide the concrete deck 
with the necessary strength and stiffness to resist the loads with 
the new span lengths, but also had to be built without inter-
rupting the traffic. The solution adopted consisted of placing 
two longitudinal steel beams under the side cantilevers of the 
bridge deck, which were supported over the new piers. These 
beams were connected by means of transverse prestressing to 
the concrete deck (figure 21), over the old piers position. In 
this way, the support of the bridge deck did not change its 
position, although instead of being supported on the concrete 
pier, leaned on the longitudinal steel beams. 

The transfer of the reactions from the old piers to the steel 
beam was made by means of hydraulic jacks which introduced 
an ascendant vertical load on the deck and at the same time a 
descendant vertical load on the steel beams. In this way the steel 
beams were deformed before they were connected to the deck 
and therefore had to be constructed with a pre-deformed shape. 

Figure 19. Front view of the bridge studied.

Figure 20. Cross-section and reinforcement at the bridge mid-span.
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By means of this system, the concrete deck did not suffer any 
change in stresses under permanent loads. Soft elastomeric bear-
ings were placed over the new supports to compensate the effects 
of the beam flexibility on the bending moments due to live loads. 
A scheme of the procedure adopted for the reactions transfer and 
a view of the remodelled bridge can be seen in figure 22. 

Figure 23 shows a picture of the strengthened bridge.

4.3. Numerical simulation of the strengthening process. 

The bridge response was simulated starting from its construc-
tion. First, a time-dependent analysis to evaluate the long-term 

reactions to be transferred from piers P2 and P4 to the new 
piers was performed. Then, the steel beam was then placed 
on site subjected to its self-weight. The calculated reactions in 
piers P2 and P4 were introduced as two equal vertical external 
loads of opposite sense over those piers (downwards) and over 
the steel beam (upwards), simulating the loads introduced 
by the hydraulic jacks. Then, the beam supports representing 
piers P2 and P4 were eliminated, simulating the piers demoli-
tion. Table 4 shows the calendar of events affecting the struc-
tural response of the bridge along its service life, starting from 
the initiation of its construction, indicating the construction 
steps and the strengthening operations. 

Figure 21. Strengthening solution adopted. Cross-section at the old piers position.

Figure 22. Strengthening operations: of transfer of reactions to steel beam and connection.

Figure 23. View of the strengthened bridge. Taken from Martínez Calzón [4].
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Figure 24 shows the bending moments law of remodelled 
bridge. The discontinuous line shows the moments law under 
the permanent loads, which coincides with that of the bridge 
before strengthening, because the only structural effects have 
been to substitute the reactions by the equal jack forces. How-
ever, the moments under the live load applied on the entire 
bridge length, have a reduction of the peak at pier 2, because 
of the flexibility of the steel beams that supports the concrete 
deck at the position of the old pier. 

Figure 25 shows the displacements at the concrete deck and 
the steel beam, under the live loads. It is observed that both ele-
ments have the same deflection in the connecting point. 

5.4. Evaluation of an alternative solution using external pre-
stressing

An alternative strengthening solution based on external pre-
stressing was analysed and their results compared with those 

TABLE 4.
Calendar of events the studies bridge.

 
Step  Duration Age
Nº Description of the construction step (days) (days)

 
1 Self-weight of the deck and transfer of prestressing  28 28

2 Pass of time until dead load is applied at 100 days 72 100

3 Application of dead load (16,3 kN/m) 0 100

4 Pass of time until initiation of remodelling at 7900 days  7900 8000

5 Placement of steel beam supported on the new piers PN2 and PN4 0 8000

6 Introduction of jack loads to uplift deck, supported on the steel beam 0 8000

7 Pass of time until connecting steel beam to deck operations 30 8030

8 Execution of connections between steel beam and slab at old supports 0 8030

9 Remove the jacks and the corresponding loads 0 8030

10 Place elastic supports on piers PN2 and PN4 and remove piers P2 and P4  0 8030

Figure 24. Bending moments law of remodelled bridge under live load on the whole bridge.

Figure 25. Deflection of the deck and steel beam under live load on the whole bridge length.

Marí Bernat, A., Bairán García, J.M., Oller Ibars, E, (2021) Hormigón y Acero 72(294/295); 59-75 – 71



of the actually built solution. It was proposed to place two lon-
gitudinal external prestressing tendons under the deck flang-
es, as shown in figure 26. The lower deviators of the external 
prestressing are anchored to the bridge deck over the original 
piers P2 and P4, while the upper deviators are anchored over 
piers PN2, P3 and PN4. Stressing the tendons produces an as-
cendant deviation load over piers P2 and P4 and descendant 
deviation loads over pier P3 and new piers PN2 and PN4, so 
that the reactions of piers P2 and P4 are automatically trans-
ferred to the new piers. The prestressing loads, obtained by 
equilibrium of forces, introduce an additional compressive 

stress in the deck which is favourable in front of cracking and 
flexure, shear and torsion strengths.

4.4. Results of the structural analysis 

Bending moments under permanent loads before and after 
strengthening with external prestressing are shown in figure 
27. It can be seen that the bending moments slightly changes 
with respect to those of the original bridge. The bending mo-
ments under the live load are quite similar to those estimated 
in the case of strengthening system 1. 

Figure 26. Strengthening system using external prestressing (solution 2).

Figure 27. Bending moments in the original and strengthened deck with external prestressing.
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In order to compare the performance of the structure 
in both cases, an incremental analysis up to failure was per-
formed. Figure 28 shows the load-displacement curves of the 
bridge deck including the original bridge and the two strength-
ening solutions.

It can be seen that both solutions increase the stiffness 
and the strength of the structure. The solution using exter-
nal prestressing provides a higher stiffness, especially in the 
post-cracking state, although under service load levels there 
are almost no differences. However, at ultimate load level, the 
external prestressing provides higher flexural strength than the 
use of a steel beam, because of the higher steel strength and 
the additional compression provided by the prestressing in a 
region of ductile flexural failure. 

Nevertheless, due to lower cost, technical easiness and 
higher versatility of the system, solution 1 looks to be more 
adequate and was the one chosen.

5.
conclusions

An evolutionary analysis model capable to simulate, among oth-
ers, the effects of phased construction processes, corrosion of steel 
or other materials deterioration processes and interventions for 
strengthening or remodelling, has been presented. In addition, the 
model can capture different types of failure, such as flexural and 
shear failures and can account for the effects of delamination in 
FRP strengthened structures using FRP laminates.

The model has been verified with the results of two tests 
on strengthened structures, one in flexure using FRP and the 
other in shear using enlargement of the section and additional 
shear reinforcement. In both cases, the model has shown its 
capacity to adequately simulate the behaviour of the strength-
ened structure. 

In addition, two solutions for the remodelling of a freeway 
overcrossing in which two piers had to be shifted to widen 

the freeway roadway have been studied, and their efficiency 
compared. The model has shown to be capable to simulate all 
operations needed to carry out the required intervention. It 
has been shown that the actually constructed solution result-
ed to be very adequate to solve the structural problems faced 
with high versatility and constructive simplicity. On the other 
hand, the alternative solution, based on external prestressing, 
increases the un-cracked range and the flexural capacity of 
the deck, with less amount of materials. However, it is a more 
complex solution and not as versatile as the constructed one. 

The combination of construction steps, time steps, load 
steps and equilibrium iterations to satisfy the effects of ma-
terial non-linearity, allows considering the state of the struc-
ture along its entire service life. With respect to strengthening 
efficiency, the model allows evaluating the state of stresses, 
strains, and damage previous to the intervention, thus pro-
viding an accurate evaluation of the safety and serviceability 
performance of the remodelled structures than usual line-
ar-elastic models. 

Furthermore, the proposed model has shown to be a very 
useful tool to compare the efficiency and adequacy of different 
strengthening solutions, thus contributing to design safer, less 
expensive and more sustainable strengthening or remodelling 
interventions.
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